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We show that the model of superfluid dark matter developed in Refs. [1–3], which modifies the
Newtonian potential and explains the galactic rotational curves, can be unitarized by the formation
of classical configurations in the scattering amplitudes. The classicalization mechanism may also
trigger the formation of the superfluid state from the early to the late Universe.
I. INTRODUCTION
A new paradigm for cold dark matter was recently sug-
gested in Refs. [1–3]. It was shown that the galactic ve-
locity curves can be explained by the presence of a super-
fluid the phonons of which are weakly coupled to bary-
onic matter. A hybrid scenarios of cold dark matter and
MOND (Modify Newtonian Potential) then arose. At the
same time, it was shown that, contrary to the MONDs
proposals, this kind of “MOND superfluid dark matter”
is compatible with very constraining observations from
clusters (in particular the Bullet cluster).
The model is based on a non-relativistic effective La-
grangian, which a posteriori appears to be a phenomeno-
logically healthy framework. But issues regarding the UV
completion of the model have not yet solved in the lit-
erature. In particular, it was shown that the relativistic
completion of the effective non-relativistic Lagrangian is
a non-perturbative model with complicated highly non-
linear interactions involving derivatives and polynomial
mixed terms.
Another unsolved aspect, which should be connected
to the previous one, concerns the genesis of MOND su-
perfluid dark matter. While in the traditional WIMPs
or axion cold dark matter paradigms, the genesis mech-
anism is well known, in MOND superfluid is still unclear
how such a state of matter could emerge in the early
Universe.
In this letter, we show that the model developed in
Refs. [1–3] exhibits a non-Wilsonian UV behavior. In
particular, we show that the model belongs to the class
of theories that are unitarized by the production of classi-
cal non-perturbative configurations in the scattering am-
plitudes. This is a mechanism dubbed classicalization
by Dvali and Gomez, which was largely studied in many
non-linear models [4–9]. In MOND superfluid model, the
UV cutoff appears just around 1 meV. This means that
the theory predicts the production of classical configu-
rations just around 1 meV. This should also shed new
light on the superfluid dark matter genesis mechanism.
As shown in [1–3], from best fits of galactic rotational
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curves, the phonon mass should be around 1÷ 10 eV 1.
Light Particles composing the superfluid can be generi-
cally produced as hot dark matter in the early Universe,
arising from decays after the inflaton reheating. Their
density ratio over baryonic density is directly controlled
by their coupling with the inflaton — or with other in-
termediate particles in which the inflaton decays. With
these assumptions, these particles should scatter at en-
ergies always much higher than the cut-off scale. Con-
sequently, classicalons are formed in each scattering un-
til the late Universe, when the thermal bath lower to
T ' 1 ÷ 10−1 meV. These processes can be then in-
terpreted as the formation of the superfluid state. For
E >> 1 eV, the formation and evaporation of classicalons
may produce many soft particles, which partition the cen-
ter of mass (CM) energy into a large number of emitted
particles. Emitted particles should then be so soft to
easily undergo a Bose-Einstein condensation mechanism.
On the other hand, when the CM energy is above the
threshold ECM ≥ few eV, the classicalon cannot evapo-
rate into many particles, and states that are produced
have a very tiny kinetic energy. Thus, the unitarization
mechanism from classicalization may also be claimed to
catalyze the production of the superfluid dark matter
state.
We emphasize that the appearance of light thermal
relict particles can be made consistent with observations,
only because of the mediation provided by classicaliza-
tion effects. Indeed, as shown in Ref. [2], the light parti-
cles instantiating the superfluid dark matter picture shall
be emitted through the mechanism of axion-like vacuum
displacement. But the latter necessarily requires a tem-
perature scale that is dependent of the parameter Λ in-
troduced in Ref. [2]. We further notice that the details
of classicalization are independent on the higher orders
of the derivatives involved in the definition of the spe-
cific Lagrangian. Our analysis of the model introduced
in Ref. [2] shall not then be considered as the only work-
ing example of classicalizing theory, as we will specify in
1 It is tempting to suggest that the superfluid state is a neutrino
superfluid, in which the condensation mechanism is triggered by
a hidden non-linear electrodynamics sector coupled to neutrinos.
This mechanism also connects the generation of the neutrino
mass with the cosmological constant [17, 18].
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2the next section.
The paper is organized as follows. In Sec. II we sum-
marize the main ideas behind the concept of classicaliza-
tion. In Sec. III we introduce the superfluid cold dark
matter model, as developed in Refs. [1–3]. In Sec. IV
we describe the production of the superfluid state from
a cooling cascade, focusing on the energy partition pro-
cesses. In Sec. V, taking into account the thermal history
of the Universe, we describe the phase transition to the
superfluid state. Finally, in Sec. VI, we spell our conclu-
sions and discuss the novelty of this analysis.
II. CLASSICALIZATION IN A NUTSHELL
In order to understand the phenomenon of classicaliza-
tion, we take into account as in Ref. [4] a real scalar field
φ sourced by a current J and governed by the theory
L(φ, J) = L(φ) +
φ
M∗
J , (1)
L(φ) = (∂µφ)
2 +
φ
M∗
(∂µφ)
2 +
φ
M5∗
(∂µφ)
4 + . . . .
The non-linear terms in L(φ) provide an example of the
self-sourcing of the φ field. At the perturbative level,
these terms entail violation of unitarity at CM energies√
s >> M∗, but at the non-perturbative level the same
admit restoration of unitarity via classicalization.
For the theory in Eq. (1), it is straightforward to show
how classicalization takes place. As customary, we con-
sider a source localized within a region of size L, with
a strength of positive power in 1/L. This is the case,
for instance, of energy-momentum type sources, as well
as the case of the cubic self-coupling in Eq. (1), and is
enough to reproduce classicalization from scattering of φ
particles at high energies.
We may focus on the scattering of wave packets of φ at
a CM energy
√
s>>M∗, and let the particles scatter with
transferred momentum 1/L, at a minimum distance L.
As far as L > L∗ = 1/M∗, perturbatively wave-packets
are dealt with as quantum states. However, the main
idea underlying the analysis in Eq. (1) is that when wave-
packets are localized within a distance r∗ = L2∗
√
s, the
physical system enters a classical regime through the de-
velopment of classical configurations, i.e. it classicalizes.
In other words, self-sourcing implies that the localization
of quanta of CM energy
√
s >> M∗ cannot happen at
distances shorter than r∗ = L2∗
√
s.
To prove classicalization one may consider a simple
argument [4]. Let us localize particles of CM energy√
s = 1/L >> M∗ within a sphere or radius R << r∗.
Cubic self-interactions trigger production of an effective
localized source for φ that behaves like J ∼ M∗/L.
Consequently, linearizing the equation of motion for φ
in the weak field regime entails the equation of motion
φ+ · · · = δ(r)L∗/L . The presence of an energy source
for φ implies that a gaussian flux for ∇φ is generated,
and thus the radial dependence for φ, i.e.
φ(r) ∼ L∗
Lr
,
can be recovered. Consequently, approaching the local-
ization region φ(r) increases, until the field becomes of or-
der M∗ at a distance r∗ = L2∗/L. In other words, a source
of energy
√
s = 1/L>>M∗ extends over an effective dis-
tance r∗>>L∗, thus becoming a classical. This has pro-
found consequences, which require to step out from the
intuitions developed in the perturbative approach. In
the latter framework, one might think that high-energy
scattering happening at
√
s >> M∗ will be governed by
hard-collisions, and that the momentum transfer will be
proportional to
√
s. Instead, as agued above, the high-
energy processes entail formation of classical systems of
radius r∗ = L2∗
√
s. These latter may then undergo a
cascade of decays into many particles states. In other
words, the 2 → 2 particles scattering processes will be
characterized by amplitudes that are very suppressed at
very high transferred momenta, and dominated by soft
transferred momenta interactions at ∼ 1/r∗.
Classicalization, which is triggered by sources
√
s =
1/L >> M∗, then happens at very high energies, but
is characterized by a long-distance dynamics that cor-
responds to momenta 1/r∗ << M∗. This implies that
higher-order corrections are under control, and non-
quadratic terms like the ones appearing in Eq. (1) do
not change the dynamics of classicalization. To better
show this, we consider the generic Lagrangian terms
1
Mn+4k−4∗
φn(∂µφ∂
µφ)k , (2)
which generalize the ones appearing in Eq. (1). Consid-
ering the asymptotic behavior at large r to be φ(r) ∼
1/(M∗Lr), terms like in Eq. (2) contribute as
1
Mn+4k−4∗
φn(∂µφ∂
µφ)k ∼ 1
M2n+6k−4∗ L2k+nr4k+n
. (3)
This allows to define the radius
rn,k = L∗
(
L∗
L
) 2k+n−2
4k+n−4
,
at which non-linear terms become of the same order of
the linear term — characterized by n = 0 and k = 1.
One may immediately observe that r∗ represent the
largest of the rn,k scales. In particular, assuming k =
1 — i.e. no higher-order kinetic terms appear in the
Lagrangian — the scales rn,1 are all equal to r∗. The
addition of higher order derivatives for k > 1 can only
lower the value of rn,k, which would eventually become
smaller than r∗. Nonetheless, lower k terms will have to
be present anyway in the Lagrangian considered, setting
up to r∗ the classicalization scale. In other words, the
scale r∗ is determined by the leading non-linear terms,
the higher non-linear ones only affecting the dynamics of
3φ at distances r<<r∗. This argument is enough to ensure
that the size of the rn,k radii cannot change the size of
the classical configuration, and consequently cannot play
an important role in scattering processes at large s.
III. THE MODEL
In this section we show how the classicalization phe-
nomenon can work for superfluid dark matter, using the
same analysis’ techniques introduced in Refs. [4, 5], and
then deployed in Ref. [6].
We start from the relativistic Lagrangian proposed in
Refs. [2, 3], namely
L =−1
2
(|∂µΦ|2 +m2|Φ|2)
− Λ
4
6(Λ2c + |Φ|2)6
(|∂µΦ|2 +m2|Φ|2)3 . (4)
The equation of motion in presence of a constant localized
source term Qδ4(x− y) Φ entering the Lagrangian is
Qδ4(x− y) =(−m2)Φ (5)
+12∂µ{U(Φ) (|∂Φ|2 +m2|Φ|2)2 |∂Φ|}
−2U ′(Φ) (|∂Φ|2 +m2|Φ|2)3
−12m2U(Φ) (|∂Φ|2 +m2|Φ|2)2 Φ ,
where
U(Φ) ≡ Λ
4
6(Λ2 + |Φ|2)6 (6)
and J is the source’s current.
The last term in equation (5) has a perturbative ex-
pansion
Λ4
Λ12c
6∑
k=0
(−1)k(k + 5)!
k!5!
( |Φ|
Λc
)2k (|∂Φ|2 +m2|Φ|2)3 .
These are operators of the form
1
Mn+4k−4∗
|Φ|n|∂µΦ|2k , (7)
in which Λc ' Λ and M∗ ' Λ ' 1 meV is assumed. In
what follows we describe the scattering of quanta of the
effective dark matter field, in first approximation, by the
contact-interaction terms associated to the operators in
(7). We then describe the asymptotic limit of the oper-
ators in terms of the energy of the quanta in the center
of mass (CM) of the colliding system. The asymptotic
behavior of Φ at large r is (M∗L)−1r−1, where L ' E−1CM
and ECM is the CM energy. Operators then contribute
asymptotically to scattering amplitudes as
(M2n+6k−4∗ L
2k+nr4k+n)−1 , (8)
in which L = E−1CM << L∗ and we have defined L∗ =
M−1∗ .
Notice that non-linear terms diverge at short-
distances, in the limit r → 0, and that in this limit deriva-
tive terms contribute as L∗/r. In the limit r >> L∗, these
terms remain subdominant. When M∗ ' Λ, derivative
terms remain subdominant for distances of the order of
the Hubble radius (Λ ∼ 1 meV).
We can now recast the Lagrangian (5) in terms of the
fluctuations around the classical solution, namely
Φ = Φcl + δΦ , (9)
and then find the perturbed action∫
d4x[Lcl − δΦQδ4(x− y)+ 1
2
δΦOδΦ + Lint(δΦ)] ,(10)
where O is the quadratic operator associated to the La-
grangian (5), and Q has been rewritten as a constant
source J localized in y. The operator O has a compli-
cated expression, but fortunately for our purposes, we
may only consider the asymptotic forms of these opera-
tors in the large distance limit and in the short distance
one. In the large distance limit, it is easy to show that
the operator O converges to
O(r →∞)→ −
(
∂2
∂r2
+
2
r
∂
∂r
+
L2
r2
)
, (11)
which corresponds to free-propagating scalars. In (11) L
stands for the differential representation of the angular
momentum operator.
In the opposite regime, one obtains a series of polyno-
mially divergent terms
O(r → 0)→ 1
r4k+n
(
c1
∂2
∂r2
+ c2
2
r
∂
∂r
+ c3
L2
r2
)
,(12)
c1,2,3 being numerical prefactors that are irrelevant for
the following arguments, which are based on asymptotic
limits.
This suggests that the two asymptotic limits are in-
terpolated by a classical solitonic solution, dubbed clas-
sicalon. In our case, to find an analytic solution is very
challenging. Solutions can indeed be founded only nu-
merically. However, in the case of a similar but simpler
higher-derivative theory, with similar asymptotic behav-
iors, as a 14M
−2
∗ (∂Φ)
4 theory, a classical solution can be
found by imposing the following ansatz inside the equa-
tion of motion:
∂µΦcl =
(x− y)µ
|x− y| M
2
∗F
( |x− y|
r0(Q)
)
, (13)
with
r0(Q) =
√
Q
M2∗Ω2
, (14)
with F still generic. Plugging Eq.(13) into the EoM, one
obtains for F the form
F(ρ) =
(√ 1
27
+
1
2ρ6
+
1
2ρ3
)1/3
−
(√ 1
27
+
1
2ρ6
− 1
2ρ3
)1/3
,
(15)
4where ρ = |x−y|r0(Q) .
The classical solitonic field associated to the classicalon
can be expanded in plane waves as follows:
Φcl =
∫
d3k√
(2pi)32ωk
(
eikxαk + e
−ikxα∗k
)
. (16)
In the framework of such an expansion, the classicalon
can be represented by a coherent state |class〉. The
Fourier expansion coefficients of φcl are defined as the
classicalon expectation values of the Fock space annihi-
lation/creation operators Cˆk, Cˆ
†
k, which read
〈class|Cˆk|class〉 = αk, for [Cˆk, Cˆ†k′ ] = δk,k′ . (17)
Let us note that Cˆ and Cˆ† are not the annihila-
tion/creation operators of the asymptotic propagating
fields in the initial Lagrangian. In stead, they create
and destroy classicalon quanta, which evidently have dif-
ferent dispersion relations then free fields. In general, a
state |class〉 is composed of a tensor product of coherent
states with different four-momenta k, namely
|αk〉 = e− 12 |αk|2eαkCˆ† |0〉 = e− 12 |αk|2
∑
nk=0
αnkk√
nk!
|nk〉 ,
(18)
where |nk〉 is the Fock state with n-field of k-momenta.
In this framework, the number operators is defined as
N =
∫
k
α∗kαk.
The production of a classicalon configuration cannot
be simply calculated from a in→ out tree level S-matrix,
where the |in〉 and |out〉 states are just asymptotic free
field states. In fact, the production and evaporation of a
classicalon configuration will generate a large number of
entangled quanta, which must be in the same coherent
state. In other words, the transition that must be evalu-
ated for our purposes — showing the unitarity of scatter-
ings from classicalon production — is the in→ classical
transition. Fortunately, such a transition can be easily
related to an in → out S-matrix, calculable within the
standard quantum field theories techniques, by the rela-
tion
〈in|S|class〉 = 〈in|S|out〉〈out|class〉 . (19)
In other words, we must just evaluate the transition ele-
ment 〈out|class〉.
Replacing |out〉 with any arbitrary number of particles
with the same momenta, this transition element can be
written as |n(k)〉 = (a†(k))n(k)/(√n(k)!|0〉 (where a† is
the free quanta creation operator). This implies that, for
a generic n(k), one obtains
〈n(k)|coherent〉 = e−N2 + subleading terms . (20)
We emphasize that from the perspective of the clas-
sicalon quanta, any |out〉 state is empty of classicalon
quanta (created by C†).
In the next subsection, we will show that the clas-
sicalon production lead to the unitarization of a sub-set
of operators in the initial Lagrangian. Similar consid-
erations can be extended to other operators with more
technical difficulty issues.
A. Scattering amplitude analysis
To derive amplitudes in a more controllable way, we con-
sider a U(Nf ) global flavor symmetry. We introduce
a multiplet of scalar real fields transforming in the ad-
joint representation U(Nf ), namely Φ ≡ Φata, and la-
bel with ta the symmetry generators of U(Nf ), fulfilling
[ta, tb] = i
√
2fabctc, with fabc the totally antisymmet-
ric structure constants of U(Nf ). We then consider the
subset of operators, with flavor symmetry,
cn(∂Φ)
T · 1
M2n∗
(s{Φ})2n · (∂Φ) , (21)
where cn = (−1)n(n+ 5)!/(n!5!), corresponding to fixing
k = 1 in Eq.(7). The s{Φ} has an group-indices structure
of the form
s{Φ}ab = −if cabΦc , (22)
while “dot” in Eq.21 denotes the contraction of indices
in the adjoint representation.
It is worth emphasizing that this assumption does not
change the low-energy analysis carried out by Berezhiani
& Khoury. In this flavored version of the model, every
possible Feynman diagram can be automatically included
through the powerful spinor helicity formalism. All the
interaction vertices are controlled by the structure con-
stants fabc. Very much in the same way of Yang-Mills
theories or pion amplitude models, it is then straightfor-
ward to demonstrate that any tree level on-shell ampli-
tude has the simple group structure
Ma1a2,..an(p1, p2, ..., pn) =
∑
σ∈Sn/Zn
〈taσ(1)taσ(2) ...taσ(n)〉Mσ(p1, p2, ..., pn) , (23)
where brackets 〈 . . . 〉 denote the Killing form on the
group, i.e. the trace on the algebra elements. All the
momenta are conventionally introduced with the incom-
ing signature, and the sum is taken over 1, 2, ..., n per-
mutations, modulo Zn-cyclic permutations. The same
structure of Eq.(23) can be obtained for generic interac-
tions vertices V a1,...ann (p1, ..., pn). After some tedious but
straightforward algebra, flavor ordered interaction ver-
tices are found to have the form:
V2n+1(p1, ...., pn+1) = 0 ,
V2n(p1, ..., pn) =
5cn
M2n−1∗
∑
k=1
(−1)k−1 (2n− 2)!
(k − 1)!(2n+ k − 1)!
2n∑
i=1
(pi · pi+k) .
(24)
Moving from the vertex structures, we can now calcu-
late the flavor ordered amplitudes. The kinematic struc-
ture of the eight-point amplitudes, written in terms of
the Mandelstam variables sij = (pi + pj)
2, then reads
M6∗M(1, ...., 8) = a1
(s12 + s23)(s14 + s47)(s56 + s67)
s13s57
+
+ a2
(s12 + s23)(s14 + s45)(s67 + s78)
s13s68
(25)
+a3
(s12 + s23)(s45 + s47 + s56 + s58 + s67 + s78)
s13
+a4s12 + a5s14 + cycl ,
where ai are numerical prefactors that are not relevant
for our purposes. Similarly, the ten-point amplitude casts
M8∗M(1, .., 10) = −
s12 + s23
s12
{
+b1
(s14 + s49)(s58 + s69)(s67 + s78)
s59s68
+b2
(s14 + s45)(s18 + s69)(s67 + s78)
s15s68
+b3
(s18 + s49)(s45 + s58)(s67 + s78)
s48s68
+b4
(s14 + s45)(s16 + s67)(s18 + s89)
s15s17
+b5
(s14 + s45)(s16 + s69)(s78 + s89)
s15s79
+b6
(s18 + s49)(s47 + s58)(s56 + s67)
s48s57
+b8
(s16 + s49)(s45 + s56)(s78 + s89)
s46s79
+b9
(s14 + s18 + s45 + s49 + s58 + s69)(s67 + s78)
s68
−b10
( (s18 + s49)(s45 + s47 + s56 + s58 + s67 + s78)
s48
+
(s14 + s16 + s45 + s47 + s56 + s67)(s18 + s89)
s17
+
(s14 + s16 + s45 + s49 + s56 + s69)(s78 + s89)
s79
+
(s14 + s45)(s16 + s18 + s67 + s69 + s78 + s89)
s15
+
(s14 + s49)(s56 + s58 + s67 + s69 + s78 + s89)
s59
)
+b11s14 + k12s16 + k13s18 + k14s45
+b15s47 + k16s49 + k17s56 + k18s58
b19s67 + b20s69 + b21s78 + b22s89
}
, (26)
where bi are numerical prefactors again not relevant for
our purposes.
It is worth to note that both 8 and 10 point amplitudes
are maximized if all final states have the same final en-
ergy, as a democratic redistribution of the CM energy on
all of them. Following the kinematical structure of these
amplitudes, up to a generic N + 2 large number of inser-
tions, one can easily obtain the leading order amplitude
MN∗ M(1, 2, ...N + 2) = KN+2 s+O(1/N) , (27)
where KN+2 ∼ O(1) is a constant not relevant for our
purposes, and the CM energy
√
s is democratically dis-
tributed into final state momenta. This implies that,
after integrating on the phase-space, the corresponding
cross section 2→ N will behave as follows
σ = σ0N !
(
e2
s
N2M2∗
)N
∼ σ0 1
(N − 1)!
(
c
s
M2∗
)N
, (28)
where σ0 is a O(1)M
−2
∗ quantity.
To account for a final coherent state describing clas-
sicalons, we shall evaluate the CM energy
√
s on the
latter state, and then insert into Eq. (28) the scaling
factor determined in Eq. (19). For relativistic particles,
the energy scales as the momentum, and the expecta-
tion value on a coherent state of the momentum scales as√
N . Consequently, s will scale with N — this property
of classicalons was also discussed in details in Ref. [19]
— and the cross section will grow as
σ ∼ σ0 N
N
N !
, (29)
namely is exponential increasing with the particles’ mul-
tiplicity of the classicalon.
6Including now the factor determined in Eq. (19), we ob-
tain an extra exponential suppression in the cross-section,
which matches the exponential factor at numerator, i.e.
σ(2→ NClass) ∼M−2∗ e−N
NN
N !
→M−2∗ . (30)
The latter expression hence saturates the unitarity
bound2 for N >> 1 (in the well known Stirling approx-
imation).
These considerations can be easily extended to other
higher-order operators in our Lagrangian, as well as for
the aforementioned (∂φ)4 theory.
Another interesting process is the production of a clas-
sicalon through decays of massive particles. As well
known, in standard quantum field theory a 1→ N decay
process entails the amplitude
dΓ = (31)
1
M1
(∏
f
d3pf
(2pi)32Ef
)
|M(mA → {pf}|2(2pi)4δ4(pA−
∑
pf) ,
where f denotes all N final states and M1 the decay-
ing particle mass. As explained above, the standard
perturbative quantum field theory process is related to
the 1 → classicalon transition, through an exponential
phase — see Eq. (19). As noticed previously, the in-
tegration of the phase space scales as E2N/M2N∗ , with
the total energy equal to the decaying particle mass, i.e.
M2N1 /M
2N
∗ . Then, considering bosonic indinstinguibil-
ity, we must include a N ! factor on the denominator.
Finally, the coherent state phase enters as e−N , so that
we infer the following decay rate:
Γ(1→ NClass) ∼ M1
N !
e−N
(
c1
M1
M∗
)2N
∼ Γ0e−N+c1
M21
M2∗ .
(32)
The decay rate then starts to be exponentially sup-
pressed, with N higher than a critical number value
N¯ ∼ (M1/M∗)2, as naively expected.
IV. PRODUCTION OF THE SUPERFLUID
STATE FROM A COOLING CASCADE
Let us consider a process involving N ′ + 2 scalar par-
ticles Φ of the type
p1, p2 −→ p1′ , p2′ , ..., pN ′−1, pN ′ . (33)
For ECM >> Λ
′, this process is catalyzed by the forma-
tion of the classicalon. In the early Universe, the center
of mass energy ECM ' T , where T is the thermal bath
temperature. The final states are injected in the early
2 A similar cross section behaviour was already observed in the case
of pions, described by a similar non-linear sigma model [20, 21]
Universe with an average kinetic energy lower than the
initial CM energy/temperature. This amounts to a cool
down of the temperature of the early Universe by scat-
tering processes. In particular, any two initial particles
with energy T that undergo a process like in (33), in-
duce a decay in N ′ new particles of lower energies, which
then re-scatter in cascade’s processes that cool down the
temperature of the dark sector. The entire transition is
described by the thermal/quantum superposition of all
possible cascade’s processes
p1′ , p2′ → p1′′ , p2′′ , ..., pN ′′−1, pN ′′
. . .
pN ′−1, pN ′ → p1N′ , p2N′ , ..., pNN′ , pNN′
. . .
+ permutations ,
(34)
where for permutations we consider all the possible 1′, i′
scatterings with i′ = 1′, ..., N ′, and so forth in the cas-
cade’s process. The total transition rate is given by
〈{p1, ..., pM}〉 → 〈{p1, ..., pN}〉 , (35)
describing the entire cascade of the initial thermal bath
into soft quanta. The thermal/quantum average over all
the possible channels is expected to be the 2 → N scat-
tering
1, 2→ 1′, 2′, ..., N ′ ,
where
s12 = T
2, sij =
T 2
N ′2
, i, j 6= 1, 2 .
This means that the temperature of the dark sector
rapidly cools down to T ′ ∼ T/√N . Now, the number
of emitted particles with the same final energy cannot be
infinite because a process producing only IR soft particles
cannot be possible. Indeed, the total number of emitted
particles is bounded by their own mass scale mΦ, namely
√
N ∼ T
mΦ
.
Because of the non-linearity of the Lagrangian in Eq.(5),
one must consider an infinite set of non-perturbative ver-
tices in the cascade, turning the complete calculation into
an impossible task.
The direct proportionality of N with the temperature
implies that the thermally averaged cross section 2 →
NClass recasts as
〈σ〉T ∼M−2∗
1
Γ(1 + c3
T 2
m2φ
)
e
−c1 T2
m2
φ
(
c2
T 2
m2φ
)(c2 T2
m2
φ
)
,
(36)
where the Euler gamma-function is introduced replacing
the factorial, and c1,2,3 are O(1) constants.
7As clarified in the Sec. II, the system classicalizes
through scattering processes in which the transferred mo-
menta are greater than the cut-off scale M∗. In the case
under scrutiny here, specified in Sec. III, M∗ = Λ '
1meV corresponds to the cut-off scale of the effective the-
ory introduced by Berezhiani and Khoury in Ref. [2]. For-
mation of classicalons is then triggered at distances well
larger than the scale individuated by L∗ = 1/M∗ = 1/Λ.
Following this line of thought, we may envisage that the
production of a state of classicalons can be directly at-
tained also in other stages of the Universe’s expansion,
when different energy scales are taken into account. For
instance, considering the inflationary scenario, reheating
can trigger formation of classicalons at an energy scale
proportional to the reheating temperature dictated by
the specific model taken into account. Classicalons that
are formed will then evaporate at the end of reheating,
through the very same classicalization processes we de-
scribed, restoring the standard picture at later cosmic
times.
V. BOLTZMANN EQUATIONS
In this section we take into account the cosmological evo-
lution of the Φ number density and the formation at
late times of the condensate state of non-relativistic Φ-
particles.
The evolution of the number density is described by
the Boltzmann’s equation,
dnΦ
dt
+ 3HnΦ =
∑
i
Γi , (37)
with
Γi =
∫
fΦ(p1)fΦ(p2)dσi ,
in which we focus on i = 1, 2 → N processes, and we
take fΦ to be Bose-Einstein functions with a negligible
chemical potential
fΦ,i(p) = (e
βEΦ,i(p) − 1)−1.
Inside the Γi, for E > mΦ, the cross section “classi-
calize” to a constant, as in Eq. (36). Consequently, the
integration over 1, 2 momenta with the Bose-Einstein dis-
tributions just trivializes to a O(1) constant multiplying
Eq. (36).
The cascade cooling process depends on the initial T
parameter. Essentially, this process starts with the first
production of Φ-fields in the early Universe. For exam-
ple, if the Φ particles were produced after the inflaton
reheating, a natural temperature scale would turn out
to be of the order of T1 ' Tre ' 109 GeV . However, an
overproduction problem could be encountered here. The
energy density of the Φ-particles cannot exceed the cos-
mological critical density bound. Therefore, it must hold
FIG. 1. The evolution of the number density of Φ particles
is displayed. From T1 to Tc the relativistic dilution factor is
compensated by the cascade processes. On the other hand,
after the phase transition at Tc ' 1÷ 10 eV and the forma-
tion of the superfluid state, Φ-particles are regarded as non-
relativistic quanta of a classical state that is scaling as T−3
along the Universe expansion. This means that after the crit-
ical temperature, the Φ field starts to behave as a cold dark
superfluid.
that
mΦn
0
Φ < ρc , (38)
in which n0Φ stands for the number density during re-
combination, and ρc = 1.05375(13) × 10−5 h2 GeV/cm3
(according to last Planck data [22]) denotes the cosmo-
logical critical density.
We notice that during the reheating, the decay time of
the inflaton into classicalons scales as
τ = kM−11 e
+
(
c2
T
M1
)
−c1 M
2
1
M2∗ , (39)
where k depends on the specific couplings of the inflaton
with Φ, i.e. it is model dependent. For N¯ ' c1M
2
1
M2∗
+log k,
the characteristic time of decay is very short, and the
reheating of the inflaton into classicalons becomes very
efficient.
The results of the n(T) evolution from the Boltz-
mann’s equations are displayed in Fig. 3, having used
the ansatz σ = 〈σ(2 → N)〉Φcl,T . We may give the
following interpretation to the behavior that is shown.
Le us consider two thermal epochs, namely T1 >> mΦ
and T0 >> mΦ, with T0 < T1. During this thermal
window, the Φ modes are strongly coupled each other
and cannot freely propagate. Indeed, they are organized
in classicalon states. This means that every N → N ′
process should be viewed as a thermally averaged
classicalon-classicalon transition. Since the number of
the Φ modes produced in each classicalon transition,
namely 〈N〉, is proportional to the square of the average
CM energy, in turn proportional to the square of the
temperature, their number density scales with the
Universe expansion as nΦ ∼ T 5 in temperature. During
8this stage, particle are relativistic. We emphasize that
this scaling is different from the one of free relativistic
particles, nΦ∼T 3. Therefore, the energy density of dark
matter scales as ρ = ρ0 T
6.
The right dark matter abundance can be obtained
tuning the k-coupling of the inflaton to the classicalon.
From the inflation energy scale, down to an energy scale
few orders of magnitude above the particle mass, the di-
lution of the energy density scales as ρΦ/ρI ∝ (TΦ/TI)6.
Conservatively, we can estimate TΦ as the tempera-
ture at which the inflaton decays in a coherent state
that encodes a critical N number of Φ particles, i.e.
TΦ = N mΦ, still with N >> 1. This means that at
the reheating, where ρre = kρ0, the scaling can be
found ρΦ/ρI = 1/k [(NmΦ)/Tre]
6, where Tre stands
for the reheating temperature after inflation and k is
the inflaton coupling to the classicalon. If the number
N >> Tre/mΦ, then the classicalon will be completely
diluted and washed out, i.e. it cannot provide a good
candidate of dark matter. There exists a critical number
Nc = Tre/mΦ ' 1018 at which the classicalon is no
more diluted. This means that in the self-criticality
phase, the production of quanta is compensated by
the expansion of the Universe. Nonetheless, when the
temperature cools down, new species of particles that
compose the classicalon cannot be produced anymore.
The classicalon will then cool down as cold superfluid
dark matter, at smaller energy scales than the critical
one at which Φ modes can be still be produced. In other
words, the energy density will start scaling as T 3.
After this critical phase is reached, the DM energy-
density can be estimated to be ρDM ' kρϕ(T0/Tc)3,
where ρϕ is the inflaton energy density, which we de-
note with ρϕ ' 3H2I /(8piG), the temperature at the re-
combination epoch is T0, and Tc is the classicalon phase
transition temperature. The energy-density of the infla-
ton field is enormous compared to other energy densities.
Consequently, the dilution factor is very small, since the
mass of Φ can be at least one order of magnitude larger
the T0. Roughly, the energy density of the inflaton can
be estimated to be ρφ ' 10−1M2PlHI ' 1036×1020 GeV4.
On the other hand, the DM energy density is only ρDM ∼
0.1ρc ∼ 10−6GeV/cm3 ∼ 10−49GeV4, with ρc critical en-
ergy density. This entails a large fine tuning of the cou-
pling constant k, which is constrained to assume a value
of about 10−105. A coupling so small can be understood
in terms of effective operators of large dimension, such as
(1/Λ)N−3ϕΦN . Nonetheless, for Tc ' 2mΦ ' 1÷ 10 eV,
the Φ particles become non-relativistic, and the phase
transition takes place. In other words, the Φ particles
can softly form a superfluid state.
VI. CONCLUSIONS
Superfluid dark matter was proposed in order to reconcile
the intriguing success of MOND on galactic scales with
the ΛCDM model, which is instead successful on cosmo-
logical scales. Within this scenario, dark matter consists
of self-interacting axion-like condensates localized inside
the galaxies. The superfluid phonons, weakly coupled to
ordinary baryons, mediate an effective MOND acceler-
ation. In superfluid dark matter, the effective MOND
gravitational potential of a galaxy is different from the
one of a galaxy cluster. Indeed, dark matter has a higher
temperature in clusters, and a sizable part of axion-like
particles are de-confined from the condensate state. Such
a model was engineered in a phenomenologically healthy,
non-relativistic effective, formulation.
The problem of the UV completion of this model was
not solved yet. In this paper, we have shown that a
Wilsonian UV completion is not necessary for this model,
and that superfluid dark matter “self-unitarizes” itself,
undergoing “classicalization” phenomena. Classicaliza-
tion is an alternative to the Wilsonian UV completion,
in which the formation of classical non-perturbative
configuration, at a certain critical energy scale, uni-
tarizes the scattering amplitudes of the classicalizing
theory. In the case of superfluid dark matter, the
classicalization mechanism can be directly related to the
production of the superfluid condensate. In other words,
the UV self-completion of the model is also related to
another unsolved issue, namely how superfluid dark
matter was generated in our Universe. In the model
under scrutiny, the critical scale for the formation of
the classical state is of about the meV-scale, related to
the cosmological constant scale. This means that every
axion-like particle, which undergoes scatterings until
the very late Universe, will form a classical state. The
classical state will evaporate in a large number of soft
axion-like particles. Nonetheless, this unitary process
can efficiently happen at energies that are very far from
the mass scale of the axion-like particle. In other words,
this can happen if the average center of mass energy
(the temperature of the Universe) is much larger than
the axion-like mass. In order to fit correctly the galactic
rotational curves, an axion-like mass of about 1 − 10 eV
is necessary. This basically means that at energies
larger than 1 − 10 eV, but close to the recombination
epoch, the classical state cannot evaporate into soft
axion-like particles. Such a process exactly corresponds
the formation of a superfluid dark matter condensate.
This provides a new dark matter formation mechanism,
related to classicalization, that is alternative to standard
ones, as for instance WIMP thermal productions.
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